SCALED ASYMPTOTICS FOR SOME g-SERIES AS q 
APPROACHES ONE 
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Abstract. In this work we investigate Plancherel-Rotach type asymptotics 
for some g-series as q — > 1. These g-series generalize Ramanujan function A q (z) 

(2) 

(q-Airy function), Jackson's q-Bessel function Jc, (z;q), Ismail-Masson orthog- 
onal polynomials(q _1 -Hermite polynomials) h n (x\q), Stieltjes-Wigert orthog- 
onal polynomials S n (x;q), q-Laguerre orthogonal polynomials I/„ (x;q) and 
confluent basic hypergeometric series. 



1. Introduction 

In [8] we derived certain Plancherel-Rotach type asymptotics for some g-series. 
These g-series generalize Ramanujan's entire function A q (z), Jackson's g-Bessel 
function J„ 2 \z;q), Ismail-Masson orthogonal polynomials (g _1 -Hermite polynomi- 
als) h n (x\q), Stieltjes-Wigert orthogonal polynomials S n {x;q), g-Laguerre orthogo- 
nal polynomials L^\x;q) and confluent basic hypergeometric series. 

In this work we employ the method used in [9J to study the scaled asymptotics 
of these g-series as q — > 1. In section $2] we list some notations. We present our 
results in section $3] and their proofs in section SjH Throughout this work we always 
assume that < q < 1 unless otherwise stated. 

2. Preliminaries 
For a complex number z, we define [H HI SI GO 

oo 

(z; «)oo = Y[(l-zq k ), 

k=0 

and the g-Gamma function is defined as 

r ' w -£fe (1 -' )1 - 3eC 

The g-shifted factorials of a, 01, . . . a m are given by 



(a;q), 



(«;g)oo 

{aq n ;q) c 



(a 1 



k=l 
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for all integers n G Z and m G N. Given two sets of complex numbers {a%, 
and {bi, . . . ,b s }, the basic hypergeometric series r <j) s is formally defined as 



rVs 



h,..-,b s lq ' Z J ^(?,6i,....6.;«)*(-l) fc {"+ 1 -'-)' 
where 

£ - S + 1 ~ T 

2 ' 

and it is a confluent basic hypergeometric series if £ > 0. 

Given nonnegative integers r, s, t and a positive number £, we define [8] 



E 



ai,...,a r , \ ^ (oi, . . . ,a r ;q) k (zq e ) k q ik " 



g(ai, . . . ,a r ;h, . . . ,b s ;q;£; z) 

_ {q k+1 ,b iq k , b s q k ;q) 00 q lk2 (~z) k 
(a 1 q k ,...,a r q k ;q) oc 

h(ax, ...,a r ;bi,...,b s ;cx,..., c t ;q; I; z) 

= (g fc+1 , big fc , . . . , b s g fc ; g)^^ 2 (-z) fc (q,c 1: ..., c t -q) n 
^ (aig fc , . . . ,a r q k ;q) OQ (q, a, . . . , c t ; q) n - k 



where 

(2.1) < ai, . . . ,a r ,bi, . . . ,b s ,a, . . . ,c t < 1. 

( 2^ 

Jackson's g-Bessel function J,) is defined as [H [21 [5] 

The Ismail-Masson polynomials {ftn(2|<z)K^=o are defined as [4] 

^ (g; g )„g fc ( fc -")(-l) fc e ("- 2 ^ 
ft„ smh£ \q) = > t r~, > • 

(q;q)k(q;q)n-k 

Stieltjes-Wigert orthogonal polynomials {S n (x; q)}^L are defined as [4] 

7 w ^ • 

The g-Laguerre orthogonal polynomials {lffl{x\ q)\ are defined as |4J 

n n k 2 +ak( \k( a+1 \ 

Ll a) (x;q)=Y. { - XUq ' q)n 



—" (q;q)k(q,q a+1 ;q)n-k 



SCALED ASYMPTOTICS FOR SOME q-SERIES AS q APPROACHES ONE 



3 



for a > — 1. Clearly, we have 



M*) = 


g(-;-;q;i;z) 
(<?; q)oc 


4 2) M = 


g(-,q» +1 ;q;l;z 2 q»/4) 


(q;q)UVzy ' 


h n (smh£\q) = 




e~ n t(q;q)oo 


S n (x;q) = 


h(-;-',-;q;l;x) 


(q;q)n(q;q)oo 




h(- y -;q a+1 ;q;l;xq a ) 


(q;q)n(q;q)oo 



ai,...,a r , ^(-i)*-^ _ (°i> ■ ■ ■ i a r\q)c a g{a\, ■ ■ ■ ,a,.;6i, . . .b s ;q;£;zq e ) 



h,...,b s ' J (q,b!,...,b s ;q) 

The four Jacobi theta functions are [7] 

oc 

9!{v\T) = -i J2 (-l) fc ^ fc+1 /2) 2 e (2fc+l)-» ) 
A;— — oo 
oo 

6 2 (v\r)= q (k+1/2)2 e ( 2fc+1 )™' , 

A;— — oo 
oo 



k— — c 
oo 



2 2k7riv 



where 



q = e wir , 3?(r)>0. 
For our convenience, we also use the following notations 

6 x (z;q)=9 x {v\T), z = e 2 ™, q = e" T 

with 

A = 1,2,3,4. 

By the Jacobi's triple product formula it follows that 

6i{v\t) = 2q 1 / 4 smnv(q 2 ;q 2 ) oa (q 2 e 2 ™;q 2 ) 0O (q 2 e- 2 ™;q 2 U, 
9 2 {v\r) = 2q 1 / 4 C0 S irv(q 2 ;q 2 )oo(-q 2 e 2 ™;q 2 ) oo (-q 2 e- 2 ™;q 2 ) oo , 
3 (v\r) = (9 2 ;-Z 2 )oo(-ge 2 ™; (? 2 ) 00 (- ge - 2 ™; (? 2 ) 00 , 
Oa(v\t) = (q 2 - iq 2 U(qe 2 ™;q 2 U(q^ 2 ™;q 2 U. 
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The Jacobi 9 functions satisfy transformations 

'v , 1 



71 1 7 1 ~7 

T T 
T T 

1 z I ~7 

T T 

- l-i 

r r 



M/-e™ 2/r 0i (u I t) 



-re™ /T 9 4 (v I r) 
-e™ 2/r 6>3 (v | r) 



Mr) 



The Euler Gamma function T(z) is given by [U 0111 [5] 



T(z) 













-1) 











zeC. 



fc=i 



For any real number x, we have 



x = L^J + {x} , 



where the fractional part of x is {a;} € [0, 1) and [_a;J € Z is the greatest integer less 
or equal to x. The arithmetic function 



x(i) 



1 2\n 
2 | n ' 

which is the principal character modulo 2, satisfies the identities 



*»)-*{=} 



n-2 



n 




n + 1 




.2- 




2 





Thus, 



and 



n + 1 



n + x(n) 



n n — x(n) 
2J ~ 2 ' 

3. Main Results 

Definition 1. An admissible scale is a sequence {A n } j of positive numbers such 
that 

/ \ A n . ^ 

(3.1) hm ^— — = 00, hm = 00. 



Clearly, 



lim 

n— >oo log n 



A„ = n /3 log 7 n, 0</3<^, 7 > 0, 



A„ 



and 



A„ = log 7 n, 7 > 1 



are admissible scales. 
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3.1. (/-function. To simplify the type setting in the following theorem, we 

50; q) = g(ai, ...,a r ;bi,..., b s ;q; £; z). 
Theorem 2. Given an admissible scale X n , assume that 



and 



for 



Then, 



z = e 27rv , q = e"* x »\ I > 0, ve 



a 3 =q a ^ bk^qPx, a 3 ,(i k >Q 
1 < j <r, l<k<s. 



( -Ant ^ j nX n ( . " 

g(-q 4M z; q) = exp \ — — [v + — 



and 



9( q ^)=expj — (v+— j -— j 



/A„ j ttA„w 

x2 VT l cos ^ + 



e 



as n — > 00, and ifte O-term is uniform for v in any compact subset of] 

For the Ramanujan's entire function we have: 
Corollary 3. Given an admissible scale X n , assume that 



z = e 27VV , q = e~ vX " , uel. 



we have 



A q (-q 4n z) = exp I ttA„ I v + 



\ 2 

2n \ 7rA„ 7r 



A„ I 6 24A r , 



x 7! {1 + 0(e ^ A " )} ' 



.l f/ (g-^)=exp^7rA n (i; + ^V-^ 



A„y 12 24A„J 
x V2{cos7rA„w + 0(e" 27rA ")} 
as n 00, and the O-term is uniform for v in any compact subset of] 
For the Jackson's g-Bessel function we have: 
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Corollary 4. For an admissible scale A„, assume that 

z = e 2 ™, q = , uGl, v > -1, 



then. 



4 2 \2zy^ q - 2n ;q) = 



exr, ( !L>hL E l £jL i K2I±\ 

LX f ^ 3 12A„ + 4A„ ^ 2 y 



, 4n + v 

x exp < 7rA„ w + 



2v A„ 

2 ' 



2A n 

x {l + 0( e - wA ")}, 



4 2) (2/^V 2 ";,) = cxp (""-^ + ^) 

V -Vl 

x exp < 7rA„ u + 



2A n 

x {cos7rA n i; + C'(e- 27rA ")} 
as n — > oo, and ifie O-term is uniform for v in any compact subset of] 

For the confluent basic hypergeometric series we have: 
Corollary 5. Given an admissible scale X n , assume that 



z = e 2 ™, q = e-* x " , v e R, 



Lei 



then, 



ctj,f3k> 0, 1 < j < r, 1 < fc < s. 



j=i fe=i 



q ai 1 ...,q" r . , ^ s+1 _ r _<(4n-l) 



rii=i r («j) v^2%p+ 2 ^ 

x{l + 0(A- 1 )}, 
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llLlTO A: 



p+e+1/2 



{7rA„ / 2nA 2 £7rA„ Tr\ n \ 
exp — r + x:J + -r-^j 

x{cos^ +0 (A-)} 

as n — > oo, and i/ie O-term is uniform for v in any compact subset of] 
3.2. /i- function. For our convenience we let 

h n (z; q) = h e (a 1} . . . , a r ; b u . . . , b s ; a, . . . , c t ; q; z). 
We have similar results for the h function: 
Theorem 6. Given an admissible scale X n , assume that 



and 



for 



Then, 



z = e 27rt \ q = e-^\ I > 0, v G 



q a \ b k = q fi \ aj,p k >0 
1 < j < r, l<k<s. 



h(-zq-^;q)=^p{—^[v + 



7rA„ / £(n-x(n))\ £n(n - l)x(n) 



2A„ 



+ 



2A n 



x (cos ^ („ + + Oie-*-'"-) 

V t ( t \ 2A n / 

as n — > oo, and i/ie O-term is uniform for v in any compact subset ofM 

For Ismail-Masson orthogonal polynomials we have: 

Corollary 7. Given an admissible scale X n , for any v e R, we /iaue 

PYri /in! a. ilA^ _ ^(i+i2x(»)) ) 

ex f \ 4A„ ^ 6 24A„ / 



ft„ ( sinhTr [ v+ - J q 



x < exp 



7rA„ t) 



(-i)"v/2 



2A„ 



{l + 0( e - A »)} 7 
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, , . , , x , ., n rz (n 2 ir (l + 12x(n))7r n\ n \ 
MsmiiTTO | q) = (-1) V2oxp|— _ — j 



x < exp 



7rA„ v - 



X(n) 
2A„ 



x ^.sttA,, (u+ n 2A X(n) ) +(P(Y — ) 



as n — > oo, and i/ie O-term is uniform for v in any compact subset of] 
For Stieltjes-Wigert orthogonal polynomials we have: 
Corollary 8. Given an admissible scale X n , assume that 

z = e 2vv , q = e~ 7rX "\ uel. 



The 



S n (-zq- n ;q) 



exp 



f 7rA„ i ^("-1)X(") _ 7T 1 

\ 3 " r 2A„ 12A„ J 



x < exp 7rA„ ( w + 



n - x(n) 

2A n 



{l + 0(e- A »)}, 



and 



S n (zq~ n ;q) 



exp 12 -i- 2A ^ 12A ^ j 



x <^cxp7rA„ + 
x < cos 7rA„ I v + 



2A„ 

^ - xfo) 

2A„ 



+ 0( e - 2 ^) 



as n — > oo, ana 1 ifte O-term is uniform for v in any compact subset o/R. 

For the g-Laguerre orthogonal polynomials we have: 
Corollary 9. Given an admissible scale X n , assume that 



z = e 



-27TV 



q = e~ vX ™\ v £ 



a > -1. 



Then, 



L£\-zq-"- n ;q) = 



exp 



V. , 7r(n-l)x(ra) 



+ 



2A„ 



12A„ / 



2v Ad 



x < exp 7r A„ ( v 



xO) 



2A„ 



{l + 0(e-* x «)}, 
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24°)(z g -°-";g)= 112 - X 12A " J 



{^ ( U — X( n ) N 2 
exp7rA„ Ik H ^— 

x{cos.A„ (« + ! ^ M )+0(^ A " 
as n ^ oo, and the O-term is uniform for v in any compact subset o/K. 

Remark 10. Similar results hold for general r and (3 denned in [8] and their proofs 
are also similar to the proofs for the special cases here. However, we feel that the 
formulas for the special cases are more appealing and thus skip the general formulas. 

4. Proofs 

The following lemma is from [8]: 
Lemma 11. Given a G C with 

1 — q 2 



for some neN. Then, 

(a;q)c 



(aq n ;q)oo = 1 +r x (a;n) 



with 



and 



with 



{a;q) T 

|n(a;n)| < -j— — 
(a; ?)n 1 



(ajq)^ (a<7™;<7)« 

2|a|g 



1 + r 2 (a; n) 



|r 2 (a;n)| < 



1-9 

We also need the following lemma: 

Lemma 12. Given a sequence of positive numbers {Xn}^Li li m n— >oo A n = °°- 
let 



q = e^ A ™ , x > 0, 



then, 



(«■; ?)- = r ; , , {1 + (a^ 1 )} 

r(a;) exp(7rA n /6) 



(tsn-xxj. 



SCALED ASYMPTOTICS FOR SOME g-SERIES AS q APPROACHES ONE 10 

Proof. For x 7^ 0, — 1, —2, . . . and let q = e - *, the Mcintosh asymptotic formula |6j 
is 

i°g(<f;iU = ~ + (i - A log* + _ i os r(i) 

for any positive integer p as t — > + , where -B/c is the fc* 71 Bernoulli number and 
Bj.(x) is the fc" 1 Bernoulli polynomial. Take the main term in the Mcintosh as- 
ymptotic formula with t = j- and Lemma [T2l follows. □ 

Take A = 0, r = 2, m = 2n in Theorem 2.2 of j9] we get the following result: 
Lemma 13. Assume that z € C\ {0}, £ > and (|2,lj) . iften, 

g^ziq) = z 2 >- 4 " 2 ^{0 4 + r fl (n|l)} , 

and 

2'+"+3 fl3(N -l ;g<) f n+l q in^ 

(ai,...,a r ;q)oo [ 1 - q \z\ J 
/or n sufficiently large. In particular, 

ai,...,a r , / i\s-r -« 

(ai, . . . , a r ; q)ooZ 2 " {6> 4 (z~ Y; g*) + r (n|l)} 
(q,b 1 ,...,b s ;q) QO q 2ln ( 2n + 1 ) 



2^+ 3 g 3 Qj-W) , g fa2+fa l 

M n 1 < — 7 x S i + I m } 

{ai,...,a r ;q)oo { 1 - q \z\ J 

for n sufficiently large, where 

s + l-r 

Similarly, if we take A = and t = | in Theorem 2.4 of [9] we get 
Lemma 14. Assume that z £ C\ {0}, £ > ant? (|2.1|) . then 

h n (zq- ne ;q) = (-z)L«/ 2 J g -4« 2 - X («)]/4{0 4 ( z -i ; ^) + r fc (n|l)}, 



2 s+r+2t+5fl ("I 1-1. £\ 

(oi, . . . , a r ; gjoo 



f J™/4| + 1 „£|n/4| 2 



/or 7i sufficiently large. 
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4.1. Proof for Theorem [2]. Prom the formulas of 6*3 to obtain 
(4.1) e^e-^-e-^ 1 ) = 9 3 (vi\£\-H) 



An irt- 1 \ n v 2 Q ( ^nV , A n i 



lA ^ 2 {l + 0(e-^ VA ")} 



i 

as n — > oo, uniformly for all dcI, Clearly we have 

n n+1 2 -i 

Y~ - + q tn e' 2n7rv = 0{X n e^ nX - ) 

as n — > oo, uniformly for u in any compact subset of R. Prom Lemma fl2l we 

(4.2) , . . . , <r ; g oo = r/2 _ E , V — 

as n — > oo. Condition l|3.ip gives 



as ?i — > oo, uniformly for u in any compact subset of I 
Since 

(43) fl 4 (z- 1 ;9«)=94(e- 2 "";e-«"^ 1 ) 

An nt.- 1 \ n v 2 n / A„W i\ n 



i 2 v t 

n IK ( 7rA„W 2 7rA„ 



x cos ■ 



I 

as n — > oo, uniformly in v £ R. Thus, 



{i + o(V 2 ^ lA ")} 



7rA„ / 2nt\ 2 7rA r , 



. 9 ( 9 -«z; g )=ex P j^U , ^ 



. 2 ^( C0S ^ + (V 2 ^ A " 



as n — » oo, uniformly on any compact subset of - 
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4.2. Proof for Corollary [3]. By Lemma [12] and Theorem [2] we have 



and 



exp 1 7rA„ 
1 

71 



2n\ 2 ir\ r 



A„ / 6 24A„ 



exp < 7rA„ ( w + 



\ 2 

2n\ 7rA„ 7r 



A n y 12 24A„ 
\/2{cos7rA n w + (e- 27rA -)} 



as n — > oo, uniformly on any compact subset of R. 



4.3. Proof for Corollary [4j Apply Lemma [12] and Theorem [2] to get 



and 



g{-, q » +1 -q-l-~zq-^) 



exp 



12A„ 4A„ ' 2 



2v A r , 



x exp < 7rA„ i> + 



4n + v 



2X r 



4 2 \2^q^q~ 2n ;q) 



gj-.q^-g-l-zq-^) 
(q;q) 2 oc(\/^q- 2n )- v 



exp 



x exp < 7rA n I v 



12 12A„ 1 4A„ 



4fi + ^ 



2A, 



x {cos7rA„i; + 0(e- 27rA ")} 
as n — > oo, uniformly on any compact subset of R. 
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4.4. Proof for Corollary Qj]. Apply Lemma [121 . Lemma [121 and Theorem l2l to get 

g^ 1 , . . . , qP* \ q ^~ L > zq J 



{q a \...,q a '-,q)o 9(-q- 4nt z;q) 

(q,q Pl ,---,q f:ls ;q)oo 

nLijW A » +£+1/2 

II j=i r(ay) 2^+ 2 ^ 

7rA 



2 



x {l + (A" 1 ) } , 



x ex P - 



and 



\ y j * * • j y / 

_ (g ai ,...,g Q '-;g) cg(g- 4 " / z;g) 

(g,g' 3 i,...,g' 3 -g) 00 

= nLirm) Af+ £+i/2 

7rA„ / 2ni? \ ^7rA n 7rA„ 



x < exp — — v + —— + 



I \ A„ ) 3 4£ 
x < cos — — + O (A„ 

4.5. Proof for Theorem [H Clearly, 

Jn/4J+1 „£|n/4| 2 . . 

(4-4) + I^V^ + = ( e -n/(«.)) 

as n — > oo, uniformly on any compact subset of K. From equations (|4.ip . (|4.2j) and 
gH) to get 

as n — > oo, uniformly on any compact subset of K. Using equations (|4.ip . l|4.2p . 
(03| and @3| to obtain 

_„£ v [ttA„ ^ £(n-xH)\ 2 , M^-^XW ^ 

n(zq ; g) = cxp ■' 



2A n 7 2Ar f 



2A„ 7 2A„ 41 



as n — » oo, uniformly on any compact subset of - 
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4.6. Proof for Corollary 0. For »6t, Lemma [32] and Theorem [6] implies 



14 



h n ( sinh 7T ( v + - | <i 



fe(-;-;-; g ;l;-e 2 ^ g -") 
(-i) n e n ™(q;q)oa 

pYri f 7rr£ , ttA^ _ 7T(1+12 X (»)) ' 
^ 1 4A„ 6 24A„ 



x < exp 



7rA„ u 



(-0"\/2 



x(n) 



2A„ 



{l + 0( e ^ A ")}, 



and 



/i„(sinh7n; | q) = 



h{- 



) 7 5 



-1)"V2 



(-l)"e n ™(g;<?)oo 

n 2 ?r (1 + 12x(n))7r ttA„ 

12" 



exp 



7rA„ u 



x < exp 



x I cos 7rA„ I w + 



4A n 

_ xN 

2A„ 

h - xQ) 

2A„, 



24A r 



+ 0( e - 27rA ") 



as n — > oo, uniformly on any compact subset of ! 



4.7. Proof for Corollary [HI From LemmaTTl and Lemmal"2lto obtain 



(4.5) 



i (q;q)c 



(q;q)n(q;q)oo (q;q)lc {q;q)n 



2A,i 



as n — > oo. Hence, Theorem [6] implies 



S n (-*r n ;g) = 



fe(-;-;-;g;i;-^g~") 
(q;q)n(q;q)oo 

lap <, 3 -r 2A ^ 12A 



fc} 



2-\/ A„ 



x < exp 7rA n w 



2A„ 
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and 

h(—,-;-;q;l;zq- n ) 



S n (zq- n ;q) 



(q;q)n(q;q)oc 

PYn / ILk. , TT(n-l) X (n) _ 7T \ 
exp <^ 12 -r 2A;i 12Xn J 



{, / n — x( n ) x 2 
exp7rA„ \v H ^— 

x{cos.A„(, + ^M) + 0(e- 2 ^ 

as n — > oo, uniformly on any compact subset of R. 

4.8. Proof for Corollary [gl From (|4,5|1 and Theorem [6] to obtain 

r („b _„_„ \ h{-;-;q a+1 :q;l:-zq- n ) 



exp 



f -n-A„ i ?r("-i)x(") _ 

\ 3 2A„ 12A„ J 

x jexp n\ n (v + ' } { 1 + O (e^ ) } , 



and 

h(-;—,q a+1 ;q;l;zq- n ) 



Li a \zq- a - n ;q) 



(q;q) n (q;q)oo 

exp <^ 12 -r 2An 12A i J 



■ x , , n - x(n) N 2 
x <( exp 7rA„ ( u H ^— 



x < cos 



as rt — > oo, uniformly on any compact subset of R. 
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®. 
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